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INTRODUCTION 


In  order  to  determine  the  many  fracture  properties  available  to 
characterize  materials,  several  parameters  of  the  specimens  used  must  be 
known.  Foremost  among  these  parameters  is  the  crack  length.  Measuring 
properties  such  as  J-resistance  curves,  K-resistance  curves,  and  fatigue  crack 
growth  rates,  the  crack  length  changes  must  be  measured  during  the  actual 
test.  Several  techniques  have  been  devised  to  measure  crack  growth  by 
instrumenting  the  sample.  Perhaps  the  simplest  method  is  the  so-called 
"compliance1*  technique  where  the  elastic  compliance  of  the  specimen  is 
measured  by  simultaneously  measuring  the  load  and  displacement  of  the  sample. 
Since  the  elastic  load-displacement  characteristics  of  any  cracked  body  are  a 
function  of  the  elastic  properties  of  the  material  tested  and  specimen 
parameters  including  crack  length,  the  elastic  properties  or  the  crack  length 
for  any  sample  can  be  determined  if  the  other  is  known. 

Presented  in  this  report  are  algebraic  equations  that  allow  for  the  easy 
calculation  of  either  crack  length  or  elastic  properties  for  many  standardized 
specimens . 

In  order  to  determine  the  elastic  properties  of  the  material  from  which 
the  specimen  was  made,  an  expression  which  gives  the  load-displacement 
characteristics  as  a  function  of  crack  length  must  be  developed.  Similarly, 
to  calculate  the  crack  length,  an  expression  must  be  developed  where  the  crack 
length  is  a  function  of  the  load  and  displacement  measured.  Expressions  of 
both  types  were  developed  for  all  the  standardized  specimens  in  ASTM  E-399  and 
for  a  rectangular  pure  bending  sample. 
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The  expressions  are  developed  by  first  establishing  the  appropriate 
limiting  displacements  as  the  crack  approaches  zero  length  and  as  the 
remaining  ligament  approaches  zero.  This  is  accomplished  using  the  Paris 
equation  (ref  1)  based  on  Castigliano' s  theorem.  These  limiting  solutions 
serve  as  guides  when  choosing  a  nondiraensional  form  of  the  specimen 
displacements  which  has  finite  limits  at  short  and  long  crack  lengths. 
Numerically  determined  displacements  are  then  normalized  to  the  nondimens ional 
form  derived  from  the  limiting  solutions,  and  multivariable  regression  is  used 
to  fit  a  polynomial  to  these  data.  The  resulting  algebraic  equations 
represent  the  displacement  solutions  nominally  within  three  percent  over  a 
wide  range  of  specimen  parameters. 


PROCEDURE  TO  DEVELOP  N0ND1MENSI0NAL  DISPLACEMENTS 

To  determine  an  appropriate  nondimens ional  form  of  displacements  for  the 
various  specimens  considered,  Paris's  application  of  Castigliano' s  theorem  to 
crack  problems  (ref  1)  was  used.  For  the  general  two~dimens ional  cracked  body 
shown  in  Figure  1,  the  displacement  due  at  the  location  at  the  applied  force  F 
in  the  direction  of  F  is: 
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F 


2 

E’ 


a 


3Kf 

3F 


da 


(1) 


where  Kp  is  the  stress  intensity  factor  due  to  the  force  P,  Kp  is  the  stress 
intensity  factor  due  to  the  force  F,  and  E'  is  Young's  Modulus  (E)  for  plane 
stress  or  E/(l-v1 2)  (v  =  Poisson's  ratio)  for  plane  strain. 


1Tada,  H. ,  Paris,  P.,  and  Irwin,  G. ,  The  Stress  Analysis  of  Cracks  Handbook, 

Del  Research  Corp.,  Hellertown,  PA,  1973. 
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For  the  short  crack  limit  we  use  the  K  solution  for  a  finite  crack  in  a 
semi-infinite  medium.  By  placing  a  dummy  load  F  at  the  crack  rnouth  and 
replacing  the  load  P  with  a  uniform  stress  o,  the  crack  mouth  opening 
displacement  can  be  derived.  The  various  K  solutions  necessary  for  Eq .  (1) 
are  (ref  2) : 

Kp  =  1.12o/lra 
2.50F 

Kp  - - 

/Fa” 


8kF  2.60 


Substituting  into  Eq. 


(1)  we  obtain: 


5 


crack  mouth 


5.824aa 


F  * 


(2) 


A  similar  approach  can  be  taken  for  the  long  crack  limit.  In  this  case, 
we  assume  that  for  tension  samples,  the  normal  component  is  negligible.  Thus, 
only  one  K  solution  is  necessary,  namely  that  of  a  semi-infinite  crack  in  a 
semi-infinite  medium  subjected  to  a  moment  M.  For  Eq .  (1),  Kp  =  Kp  = 

3 .975M/b3/- ,  where  b  is  the  uncracked  ligament  (W-a) .  With  this  approach 
integrating  Eq .  (1)  gives  us  the  angle  of  rotation  of  the  two  crack  surfaces 
°m 

15.8M 

°m  =  E7(tf -Z)h 


Saxerra,  A.  and  Hudak,  S.  J. ,  Jr.,  International  Journal  of  Fracture  Vol. 
14,  No.  5,  October  1978,  pp.  453-46F.' 
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where  B  is  the  out-of-plane  thickness  of  the  specimen.  The  crack  mouth 
displacement  is  estimated  as  the  arc  length  swept  out  by  0m  at  the  distance  W, 
or 
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crack 


mouth 


15.8  MW 
E ' (W— a) 2B 


(3) 


Using  Eqs.  (1)  and  (2)  we  can  derive  the  appropriate  nondimens ional  form 
of  displacement  based  on  the  loading  conditions  and  specimen  parameters  of  the 
individual  samples  being  considered.  This  enables  us  to  fit  an  expression  to 
the  available  data  that  gives  the  displacement  as  a  function  of  crack  length. 
Manipulating  these  equations  will  result  in  a  mathematical  form  of  displace¬ 
ments  which  is  a  function  of  crack  length  alone  and  has  finite  limits  as  the 
normalized  crack  length  (a/W)  approaches  both  zero  and  one. 

Developing  an  expression  to  calculate  the  crack  length  as  a  function  of 
measured  displacements  is  not  as  straightforward  as  the  above  procedure.  A 
first  approach  would  be  to  solve  for  crack  length  in  either  Eq .  (2)  or  Eq .  (3) 
and  use  this  as  a  nondimens ional  form  of  displacement.  For  example,  Eq .  (3) 
can  be  written  as: 


a 

W 


15. SM 

i  -  ( - ) 

Ef  BW5 


1/2 


which  applies  as  6  +  °°,  but  when  5  goes  to  zero,  Eq .  (4)  predicts  a  crack 
length  of  negative  infinity  when  it  should  give  a  value  of  zero.  Equation  (4) 
can  serve  as  guidance  in  selecting  a  form  of  nondimens ional  displacement  with 
reasonable  limits  that  can  be  u.sed  to  accurately  calculate  crack  length.  We 
assume  that: 


-  =  f(<5')  (5) 


4 


6* 


1 


(6) 


15. 8M 

1  +  (---“) 
E  BW<5 


1/2 


It  is  clear  that  as  the  displacement  goes  to  zero,  <$'  also  goes  to  zero 
and  as  6  goes  to  infinity,  6'  goes  to  one.  These  limits  enable  the  function 
f(<5')  to  be  fit  to  the  numerical  data  with  great  accuracy.  A  form  of 
displacement  similar  to  Eq.  (6),  has  been  suggested  (ref  2)  for  a  compact 
specimen. 

Some  variation  of  Eqs.  (2),  (3),  and  (6)  is  necessary  when  finding 
expressions  for  the  load  line  displacements  of  the  three-point  bend  sample  and 
for  the  arc  tension  sample.  But  the  resulting  nondimensional  form  of 
displacements  is  only  subtly  different  from  the  above. 


RESULTS  AND  DISCUSSION 

All  of  the  specimens  studied  are  shown  in  Figure  2.  Three  cases  for  the 
bending  sample  are  presented:  crack  mouth  opening  displacement  under  pure 
bending,  crack  mouth  opening  displacement,  and  load  line  deflection  under 
three-point  bending.  The  three  tension  samples  considered  were  the  compact 
tension,  the  disk-shaped  compact  tension,  and  the  arc-shaped  tension  samples. 
Expressions  are  presented  for  the  load  line  displacement  and  the  crack  mouth 
opening  displacement  for  all  the  tension  samples  except  the  arc-shaped  sample. 
Only  crack  mouth  opening  was  considered  for  this  sample. 


^Saxerra,  A.  and  Hudak,  S.  J. ,  Jr.,  International  Journal  of  Fracture,  Vol. 
14,  No.  5,  October  1978,  pp.  453-468. 
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Bending  Samples 


For  the  crack  mouth  opening  displacement  under  pure  bending, 


and  long  crack  limits  using  Eqs.  (2)  and  (3)  are: 


lim  E ' BW  6 

-  =  2.212 

a/W  0  15.8M(a/W) 


lira  E'BW$(l-a/W)2 

- =  x 


a/W  1  15. 8M 


the  short 


(7) 

(8) 


Thus,  we  can  represent  the  variation  in  displacements  with  (a/W)  as 


5*BW6(l-a/W)2 


Normalizing  the  numerical  data  for  this  sample  (ref  3)  according  to  Eq . 
(9),  fpRCM  was  found  to  be: 

fpBCM(a/W)  =  2.212  -  4.78  a/W  +  7.37  (a/W)2  +  0.0830  (a/W) 3 

-  10.4  (a/W)4  +  5.53  (a/W)5  (10) 

Representing  a/W  as  a  function  of  displacements,  we  used  the  following: 


5' 


15. 8M 

X  +  (--—-) 

E'BWS 


1/2 


a/W  -  f  5 '  ) 


(11) 


(12) 


Equation  (12)  has  the  limits  of  zero  as  a/W  approaches  zero  and  one  as 
a/W  goes  to  one.  Again,  normalizing  the  numerical  data  f'pBCM  can  be 
developed  as 


f'PBCM(6')  -  -0.986*  +  5.1506*  2  -  4 .28 6*  31 . 11 6* 4  (13) 


Gross,  B.,  Roberts,  E. ,  Jr,,  and  Srawley,  J.  E.,  International  Journal  of 
Fracture  Mechanics,  Vol.  4 ,  1968 ,  p .  267  • 
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The  accuracy  of  Eqs.  (10)  and  (13)  is  demonstrated  by  the  comparison 
shown  in  Table  I.  In  Eq.  (10)  the  displacement  can  be  represented  within 
±  1.5%  for  all  a/W  ratios,  and  the  crack  length  can  also  be  predicted  within 

±  0.7%  W  for  any  displacement  from  Eq.  (13). 

For  the  crack  mouth  opening  displacement  of  the  three-point  bend  sample, 

the  short  and  long  crack  limits  are  essentially  the  same  as  Eqs.  (7)  and  (8). 
The  value  of  the  moment  is  replaced  by  PS/4,  thus  these  limits  are 


lim 

a/W  +  0 


E'  B‘S 

3 .95P( S/W) (a/W) 


2.212 


lim  '  E^6(l-a/W)2 

a/W  ♦  0  3.95P(S/W) 


(14) 


(15) 


The  nondimens ional  form  of  displacement  for  fitting  is  then 

-  =  f 3PBCM(a/^)  (16) 

3.95P(S/U)(a/W) 

£ 3P3Qj*j( a/W)  =  2.21  —  6.37  a/W  f  17 »9(a/W)  — 

26.6(a/W)3  +  19.9(a/W)lf  -  5.86(a/W)5  (17) 

To  predict  the  crack  length  from  displacement  measurements,  the  same  form 
as  above  was  utilized: 

6'  - - - -  (18) 

3.95P(S/W)  1^2 

i  +  ( - ) 

E'BS 

a/W  =  f '3pbCm( ) 

f  3PBCM(  ^ '  )  =  -1.036'  +  6 .00  6'  2  -  6.376'3  +  2.736*  4  -  0.3216'5  (19) 


i1  . 
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Comparing  Eqs.  (17)  and  (19)  with  the  numerical  data  (ref  3)  in  Table  II 
shows  again  that  the  regression  equations  fit  the  data  within  ±  3.4%. 

The  load  line  deflection  of  the  three-point  bend  sample  requires  more 
algebra  than  the  two  cases  already  presented.  With  no  crack  present,  the  beam 
will  deflect  due  to  the  applied  load.  Thus  the  total  deflection  is  the 
deflection  with  no  crack  plus  the  additional  deflection  caused  by  the 
introduction  of  the  crack.  The  limiting  solutions  for  the  total  deflection 
Stot  then  are: 


lim 

a/W  ♦  0 


P(S/W)3  8.891P(S/W) 2(a/W) 2 


3tot 


4E '  B 


E'B 


lim 

a/W  *  1 


P(S/W)3  0.9S75P(S/W) 

J  - _ -j- - 

Jt0t  4E'B  E'B(l-a/W)2 


(20) 


(21) 


Fitting  the  numerical  data  we  used  the  following  form  of  nondimensional 
deflection: 


EB<S 


tot  (S/W)  (a/W)2 


4  (1-a/W) 2 


o  f3PBLL,(a/w) 


(22) 


P(S/W)2 

f3PBLL(a/W)  =  3.89  -  33.9  a/W  +  68.5(a/W)2  -  68.1(a/W)3  +  25.6(a/W)4  (23) 

Of  the  total  displacement,  the  form  used  was 

1 

,  .9875  ^ 

1  +  ( - ) 

E'B5tot  S/W 


5'  = 


1/2 


(24) 


P(S/W)2  4 

(a/W)  =  f '3PBLL( 5 ' ) 

f'3PBLL(6')  =  0-0997  -  0.5166’  +  2.856’2  -  1.436’3 


(25) 

(26) 


3Gross,  B.,  Roberts,  E. ,  Jr.,  and  Srawley,  J.  E.,  International  Journal  of 
Fracture  Mechanics,  Vol.  4,  1968,  p.  267. 
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Table  III  compares  the  numerically  determined  load  line  displacements 
(ref  1)  with  Eqs.  (23)  and  (26)  for  the  case  when  S/W  =  4.  As  the  table 
indicates,  the  displacement  as  a  function  of  a/W  is  accurate  within  -  1*7%  for 
any  a/W  and  the  crack  length  can  be  predicted  from  displacements  within  about 
±  0.4%  for  a/W  >  0.2. 

Pin-Loaded  Specimens 

FittLng  expressions  for  the  displacement  of  pin-loaded  specimens  is 
somewhat  more  difficult  than  with  bending  samples.  We  are  unable  to  use  the 
short  crack  limit  because  that  requires  knowledge  of  the  short  crack  K 
solution.  In  the  compact  tension  and  disk-shaped  compact  tension  configura¬ 
tions,  interactions  with  the  pin  loading  holes  must  be  considered  when  the 
relative  crack  length  is  less  than  about  0.2.  Although  the  loading  holes  are 
not  a  factor  with  the  arc-shaped  tension,  the  value  of  the  radius  ratio 
(r2/r]_)  strongly  affects  K  for  that  sample  at  short  crack  depths.  We  will 
concern  ourselves  only  with  the  displacement  characteristics  for  tension 
samples  when  a/W  is  greater  than  0.2.  Thus,  only  the  deep  crack  limit  is 
considered.  For  both  the  compact  tension  and  the  disk-shaped  compact  tension, 
Eq .  (3)  becomes 

lira  15. 8P 

«  - 7 — 2  <27> 

a/W  +  1  E f  B(  1-a/W) z 


This  suggests  that  an  appropriate  nondimensional  form  of  displacement  for 
the  compact  specimen  is 


E'BS(l-a/W)2 
15. 8P 


f (a/W) 


(28) 


It  should  be  noted  that  Eq.  (27)  applies  only  for  load  line  displace¬ 
ments.  Remember  that  Eq .  (3)  was  derived  from  the  rotation  of  the  crack 


1-Tada,  H.  ,  Paris,  P.,  and  Irwin,  G. ,  The  Stress  Analysis  of  Cracks  Handbook, 
Del  Research  Corp.,  Hellertown,  PA,  1973. 
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surfaces  6^,  and  the  displacement  was  estimated  as  the  arc  length  at  a 
distance  W  from  the  uncracked  ligament*  At  the  crack  mouth,  the  displacement 
would  be  the  arc  length  approximated  by  3^  x  (W+A)  ,  where  A  is  the  distance 
from  the  load  line  to  the  crack  mouth.  Using  this  formulation  would  result  in 
a  rather  messy  equation.  For  this  reason  we  chose  to  use  Eq.  (28)  as  the  non- 
dimensional  form  of  displacements  and  restrict  the  applicability  of  the 
resulting  expression  to  values  of  (a/W)  less  than  0.8. 

Four  polynomials  were  found  using  Eq .  (28):  load  line  displacements  for 
both  specimen  types  and  crack  mouth  displacements  for  both  specimens.  They 
are: 

Compact  Tension  -  Load  Line: 

fCTLL(a/w)  =  +  l.2l(a/W)  -  0.159(a/W)2  -  1.47(a/W)3  +  1.30(a/W)4  (29) 

Disk-Shaped  Tension  -  Load  Line: 

fQTLL(a/W)  =  0.104  +  L.U(a/W)  -  0.262(a/W)2  +  0.0247(a/W)3 


(30) 


+  0.0223(a/W)4 


Compact  Tension  -  Crack  Mouth: 

fCTCM(a/W)  =  0.631  +  0.178(a/W)  +  1.96(a/W)2  -  3.99(a/W)3  +  2.48(a/W)4  (31) 

Disk-Shaped  Tension  -  Crack  Mouth: 

fDTCM  =  0*595  -  0.168(a/W)  +  2.86(a/W)2  -  3.10(a/W)3  +  1.26(a/W)4  (32) 

Comparisons  between  the  numerical  data  for  compact  tension  samples  (refs 
3,4)  and  Eqs.  (29)  and  (31),  and  the  data  for  disk-shaped  compact  tension 


^Gross,  B.,  Roberts,  E.,  .Jr.,  and  Srawley,  J.  E.,  International  Journal  of 
Fracture  Mechanics  ,  Vol .  4 ,  1968 ,  p.  267 . 

^Newman,  J.  C.,  Jr.,  '’Stress-Intensity  Factors  and  Crack-Opening  Displacements 
For  Round  Compact  Specimens,"  NASA  TM  80174,  National  Aeronautics  and  Space 
Administration,  Langley  Research  Center,  Hampton,  VA,  1979. 
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samples  (ref  4)  and  Eqs.  (30)  and  (32)  are  shown  in  Table  IV.  The  following 
accuracy  statements  can  be  made  based  on  these  comparisons.  For  compact 
tension  load  line  displacements  ±0.2%  for  0.2  <  a/W  <  0.8;  for  compact  tension 


crack  mouth  displacements  ±  0.2%  for  0.2  <  a/W  <  0.8;  for  disk-shaped  compact 


tension  load  line  displacements  -  0.3%  for  0.2  <  a/W  <  0.8;  and  for  disk¬ 
shaped  compact  tension  crack  mouth  displacements  -  0.2%  for  0.2  <  a/W  <  0.8. 
To  determine  crack  length  as  a  function  of  displacements,  we  used  the 


following  variation  of  Eq .  (6) 


5'  = 


15. 8P 

1  +  ( - --) 

EB5 


1/2 


(33) 


(a/W)  =  f ( 5' )  (34) 

Again,  four  polynomials  were  generated  for  the  two  samples  each  with  two 
displacement  measuring  locations.  These  equations  are: 

Compact  Tension-Load  Line: 

a/W  =  -0.228  -  0.2525’  +  4.606'2  -  4.415'  3  +  1.29  5’4  (35) 


Disk-Shaped  Tension-Load  Line: 

a/W  =  0.0896  -  1.816'  +  7.616’2  -  7.196' 3  +  2.306' 4  (36) 

Compact  Tension-Crack  Mouth: 

a/W  =  -1.052  +  1.386’  +  4.716’2  -  6.416’  3  +  2.366'4  (37) 

Disk-Shaped  Tension-Crack  Mouth: 

a/W  =  -1.292  +  3.556’  -  0.5895'2  -  1.646' 3  +  0.9935'4  (38) 


^Newman,  J.  C.,  Jr.,  "Stress-Intensity  Factors  and  Crack-Opening  Displacements 
For  Round  Compact  Specimens,”  NASA  TM  80174,  National  Aeronautics  and  Space 
Administration,  Langley  Research  Center,  Hampton,  VA,  1979. 
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Table  V  gives  the  comparison  between  the  numerical  data  for  these  two 
specimens  (refs  3,4)  and  the  a/W  values  predicted  by  Eqs.  (35)  through  (38). 
From  the  table,  it  can  be  concluded  that  the  statistical  data  fits  have  the 
following  accuracies:  compact  tension— load  line  i  0.3%  for  a/W  >  0.2;  disk¬ 
shaped  tension-load  line  1  0.1%  for  a/W  >  0.2;  compact  tension-crack  mouth 
±  0.1%  for  0.2  <  a/W  <  1.0;  disk-shaped  tension-crack  mouth  ±  0.2%  for  0.2  < 
a/W  <  1.0. 

Arc-Shaped  Tension  Specimens 

Because  of  the  many  different  geometries  available  for  the  arc-shaped 
samples,  the  wide  range  expressions  are  somewhat  more  complicated.  Again,  we 
are  not  able  to  use  the  short  crack  limit  but  not  because  of  loading  hole 
interactions,  rather  because  of  the  curvature  at  the  inner  radius.  The  stress 
at  the  inside  radius  is  necessary  to  apply  Eq.  (2),  which  requires  the  curved 
beam  theory.  The  resulting  nondimensional  form  of  displacement  is  very 
complex.  Thus,  the  effects  of  the  eccentric  loading  (the  X/W  dependence)  and 
the  effects  of  radius  ratio,  ?\!*2  must  also  be  accounted  for.  The  long  crack 
limit,  Eq.  (3)  can  be  used  and  in  terms  of  arc-shaped  parameters  we  have: 

litn  EfB5(l-a/W)2 

- 1 - »  7.9  (39) 

a/W  ^  1  (2X/W+l+a/W) 

This  nondimensional  form  of  displacement  accounts  for  the  X/W  dependence 
for  crack  mouth  displacements  very  nicely,  but  we  still  needed  to  account  for 

^Gross,  B.,  Roberts,  E.,  Jr.,  and  Srawley,  J.  E. ,  International  Journal  of 
Fracture  Mechanics,  Vol.  4,  1968,  p.  267. 

^Newman,  J.  C.,  Jr.,  "Stress-Intensity  Factors  and  Crack-Opening  Displacements 
For  Round  Compact  Specimens,"  NASA  TM  80174,  National  Aeronautics  and  Space 
Administration,  Langley  Research  Center,  Hampton,  VA,  1979. 
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'ey!  To  effects  by  some  other  means.  Without  the  short  creek,  limit j 
empirical  techniques  were  necessary.  Using  Eq .  (39)  to  normalize  the 
available  data  generated  for  this  report  revealed  that  corrections  for  the 
ri/r2  effect  of  no  more  than  about  ten  percent  were  necessary.  These 
corrections  are  expressed  in  the  following  manner: 

E'B5  2X/W+l+a/W 

-  =  fATCM  (a/W,  r i/ti) 

P  ( 1-a/W) 1 


f.4TCM(a/w»rl/r2)  *  0.34  +  L3*75  a/w  "  12.67(a/W) 2  +  6.47(a/W)3  + 

+  (l-a/W)°-05(l-r1/r2)(0.8-0.5  ri/r 2)  (4°) 

A  comparison  of  the  numerically  generated  displacements  and  Eq.  (40)  is 
given  in  Table  IV.  The  accuracy  of  the  above  expression  can  be  stated  as:  for 
X/W  =  0  and  0.4  r1/r2  <  0.91,  ±  2.9%  for  0.2  <  a/W  <  0.8,  and  ±  0.4%  for 

0.4  <  a/W  <  0.6;  for  X/W  =  0.5  and  0.4  <  ri/r2  <  0.91,  ±  3.6%  for  0.2  <  a/W  < 
0.8,  and  -  1.5%  for  0.4  <  a/W  **  0.6. 

For  crack  length  as  a  function  of  displacement,  we  use  a  modification  of 


Eq.  (6): 


1  +  [' 


7.9(2X/W  +  1)P 
E'  Bo 


1/2 


(41) 


This  representation  does  not  account  for  all  of  the  X/W  dependence  or  any 
of  the  v\/r2  effects.  Again  resorting  to  empirical  methods,  we  can  account 
for  these  effects  by  modifying  Eq .  (41)  as: 


6'  = 


7 .9(2X/W  +  1)P  . 

1  +  [ - 

E'B« 


1/2 


+  0.4  X/W  +  0.016  +  0.017  r1/r2 


(42) 
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(43) 


Using  this  form,  the  crack  length  can  be  expressed  by: 

a/W  =  -0.9416'+  4.2536' 2  -  3.4606'3  +  1.1466'4 

where  6'  is  calculated  by  Eq.  (42). 

Table  VII  compares  Eq.  (43)  with  the  expected  values  of  crack  length. 

The  errors  as  a  percentage  of  W  can  be  expressed  as:  for  X/W  =  0  and  0.4  < 
r^/r2  <  0.91,  ±  1.2%  for  0.2  <  a/W  <  0.8,  and  ±  0.6%  for  0.4  <  a/W  <  0.6;  for 
X/W  =  0.5  and  0.4  <  ri/r2  <  0.9,  ±  1.9%  for  0.2  <  a/W  <  0.8  and  ±  0.6%  for 
0.4  <  a/W  <  0.6. 

CONCLUSIONS 

Wide  range  displacement  expressions  for  many  standard  fracture  testing 
specimens  were  generated  by  using  limiting  solutions  to  develop  the  proper 
nondimens  iona.l  form.  These  expressions  can  be  used  to  determine  displacements 
when  a/W  is  known  or  to  determine  crack  length  when  the  displacement  and 
elastic  properties  of  the  specimen  are  known.  These  expressions  may  be  useful 
when  using  the  "compliance"  method  as  a  passive  means  of  monitoring  crack 
growth  during  fracture  mechanics  tests. 
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TABLE  I.  CRACK  MOUTH  OPENING  DISPLACEMENTS  FOR  PURE  BENDING  SAMPLE 


a/W 


0 

.2 

.3 

.4 

.5 

.6 

.7 

1.0 

fPBCM 
(reC  3) 

2.212 

1.530 

1.390 

1.281 

1.213 

1.193 

1.097 

1.0 

fPBCM 
(Eq.  10) 

2.212 

1.537 

1.375 

1.285 

1.229 

1.175 

1.106 

1.015 

Error  (%) 

0 

+0.5 

-1.1 

-0.3 

1.3 

-1.5 

+0.8 

1.5 

6'pbcm 

0 

.4038 

.4798 

.5440 

.6090 

.6790 

.745 

1 

a/W 

(Eq.  13) 

0 

.1995 

.3026 

.4006 

.5010 

.6073 

.7032 

1.005 

Error 

(as  %  of  W) 

- 

-0.1 

+0.3 

+0.1 

+0.1 

+0.7 

+0.3 

+0.5 
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TABLE  II.  CRACK  MOUTH  OPENING  DISPLACEMENTS  FOR  THREE-POINT  BEND  SPECIMENS 
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TABLE  III.  LOAD  LINE  DEFLECTION  OF  THREE-POINT  BEND  SAMPLES 
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TABLE  IV.  DISPLACEMENT  FOR  COMPACT  TENSION  SAMPLES 
AND  DISK-SHAPED  TENSION  SAMPLES 


a/W 


.2 

.3 

.4 

.5 

.6 

.7 

.8 

fCTLL 
(ref  4) 

0.3465 

0.4411 

0.5195 

0.5842 

0.6408 

0.6992 

0.7671 

fCTLL 
(Eq.  29) 

0.3470 

0.4405 

0.5188 

0.5838 

0.6407 

0.6980 

0.7671 

Error  (%) 

+0.1 

-0.1 

-0.1 

-0.1 

0 

-0.2 

0 

fDTLL 
(ref  4) 

0.3159 

0.4154 

0.5086 

0.5984 

0.6846 

0.7672 

0.8471 

fDTLL 
(Eq.  30) 

0.3158 

0.4134 

0.5082 

0.5980 

0.6839 

0.7664 

0.8461 

Error  (%) 

0 

-0.3 

-0.1 

-0.1 

-0.1 

-0.1 

-0.1 

fCTCM 
(ref  4) 

0.7170 

0.7722 

0.8239 

0.8661 

0.9015 

0.9426 

1.000 

fCTCM 
(Eq.  31) 

0.7170 

0.7732 

0.8239 

0.8663 

0.9030 

0.9429 

1.001 

Error  (%) 

0 

+0.1 

0 

0 

+0.2 

0 

±0.1 

fDTCM 
(ref  4) 

0.6459 

0.7121 

0.7906 

0.8722 

0.9521 

1.029 

1.103 

fDTCM 
(Eq.  32) 

0.6458 

0.7123 

0.7905 

0.8723 

0.9527 

1.030 

1.105 

Error  (%) 

0 

0 

0 

0 

+0.1 

+0.1 

+0.2 
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TABLE  V.  CRACK  LENGTH  AS  A  FUNCTION  OF  DISPLACEMENTS  FOR  COMPACT  SAMPLES 


1 
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TABLE  VI.  CRACK  MOUTH  DISPLACEMENTS  AS  A  FUNCTION  OF  CRACK  LENGTH 

FOR  ARC  TENSION  SAMPLES 


E'  35 
P 


2X/W+l+a/W 

- -----  f (a/W ,r1/r2) 

(1-a/W) 2 


X/W  =  0 
a/W 


0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

x\/ ^2  =  0.9091 

E'B5/P 

5.119 

9.504 

16.58 

29.21 

54.38 

113.5 

292.2 

Eq.  (40) 

4.999 

9.367 

16.56 

29.33 

54.57 

113.5 

295.9 

ERROR  (%) 

-2.3 

-1.4 

-0.1 

+0.4 

+0.4 

0 

+1.3 

r  1  / r 2  “  -6667 

E'B5/P 

5.356 

9.843 

17.07 

29.98 

55.67 

115.8 

302.6 

Eq.  (40) 

5.323 

9.696 

17.04 

30.07 

55.81 

115.8 

301.4 

ERROR  (%) 

-2.3 

-1.5 

-0.2 

+0.3 

+0.3 

0 

-0.4 

rl / r 2  =  0.5 

E'BS/P 

5.621 

10.17 

17.54 

30.63 

56.77 

117.7 

304.9 

Eq.  (40) 

5.456 

10.01 

17.51 

30.73 

57.00 

118.0 

306.7 

ERROR  (%) 

-2.9 

-1.5 

-0.2 

+0.3 

+0.4 

+0.3 

+0.6 

X/W  = 

0.5 

ri/r2  -  0.9091 

E'B6/P 

3.848 

16.24 

27.97 

48.52 

88.80 

181.8 

458 .6 

Eq.  (40) 

9.165 

16.57 

28.39 

48.37 

88.69 

180.2 

460.3 

ERROR  (%) 

+3 . 6 

+2.0 

+1.5 

+0.7 

-0.1 

-0.9 

+0.4 

r 1 / r 2  =  *0^67 

E'B6/P 

9.300 

15.91 

28.39 

50.00 

91.16 

185.9 

475.3 

Eq.  (40) 

9.592 

17.16 

29.21 

50.11 

90.69 

183.9 

468.9 

ERROR  (%) 

+3.1 

+1.5 

+1.0 

+0.2 

-0.5 

-1.0 

-1.4 

rl /r 2  =  0.5 

E'B6/P 

9.788 

17.53 

29.83 

51.32 

93.17 

189.1 

479.2 

Eq.  (40) 

10.00 

17.71 

30.01 

51.30 

92.63 

187.5 

477.2 

ERROR  (%) 

+2.2 

+1.0 

+0.6 

-0.1 

-0 . 6 

-0.9 

-0.4 
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TABLE  VII.  CRACK  LENGTHS  AS  A  FUNCTION  OF  CRACK  MOUTH  DISPLACEMENTS 

FOR  ARC  TENSION  SAMPLES 

P[2X/W+I]  _  ,  , 

o'  =  [I  +  ( - )0,5]"1  +  0.4X/W  +  0.016  +  0.017  ri  /ro 

E'BiS  J  1  L 


a/W  =  f ( 6' ) 


X/W  =0.0 


r^/r2  =  0.9091 

E'B6/P 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

Eq.  (43) 

.203 

.304 

.401 

.498 

.598 

.703 

.812 

ERROR  (%W) 

+0.3 

+0.4 

+0.1 

-0.2 

-0.2 

+0.3 

+1.2 

r  1  / r  2  =  *6667 

E'BS/P 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

Eq.  (43) 

.205 

.305 

.400 

.496 

.595 

.699 

.808 

ERROR  (%W) 

+0.5 

+0.5 

0 

-0.4 

-0.5 

-0.1 

+0.8 

r  1  /  r*2  "  0.5 

E*B6/P 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

Eq .  (43) 

.209 

.306 

.400 

.594 

.594 

.696 

.804 

ERROR  (% W) 

+0.9 

+0  •  6 

0 

-0.6 

-0.6 

-0.4 

+0.4 

X/W  = 

0.5 

rl/r2  =  0.9091 

E’Bfi/P 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

Eq.  (43) 

.206 

.305 

.400 

.496 

.597 

.704 

.819 

ERROR  (% W) 

+0.6 

+0.6 

0 

-0.4 

-0.3 

+0.4 

+1.9 

r]_/r2  =  .6667 

E’B5/P 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

Eq.  (43) 

.208 

.306 

.400 

.495 

.595 

.701 

.816 

ERROR  (%W) 

rl/r2  =  0.5 

E'Bfi/P 

+0.8 

+0.6 

0 

-0.5 

-0.5 

+0.1 

+1 .6 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

Eq.  (43) 

.213 

.308 

.401 

.495 

.594 

.698 

.812 

ERROR  (%W) 

+1.3 

+0.8 

+0.1 

-0.5 

-0.6 

-0.2 

+1.2 

22 


Figure  1.  A  general  two-dimensional  cracked  body. 
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The  specimens  for  which  displacement  expressions  were  generated. 


TECHNICAL  REPORT  INTERNAL  DISTRIBUTION  LIST 

NO.  OF 
COPIES 

CHIEF,  DEVELOPMENT  ENGINEERING  BRANCH 

ATTN:  DRSMC-LCB-D  1 

-DP  1 

-DR  1 

-DS  (SYSTEMS)  1 

-DS  (ICAS  GROUP)  1 

-DC  1 

CHIEF,  ENGINEERING  SUPPORT  BRANCH 

ATTN:  DRSMC-LCB-S  1 

-SE  1 

CHIEF,  RESEARCH  BRANCH 

ATTN:  DRSMC-LCB-R  2 

-R  (ELLEN  FOGARTY)  1 

-RA  1 

-RM  2 

-RP  1 

-RT  l 

TECHNICAL  LIBRARY  5 

ATTN:  DRSMC-LCB-TL 

TECHNICAL  PUBLICATIONS  &  EDITING  UNIT  2 

ATTN:  DRSMC-LCB-TL 

DIRECTOR,  OPERATIONS  DIRECTORATE  1 

DIRECTOR,  PROCUREMENT  DIRECTORATE  1 

DIRECTOR,  PRODUCT  ASSURANCE  DIRECTORATE  1 


NOTE:  PLEASE  NOTIFY  DIRECTOR,  BENET  WEAPONS  LABORATORY,  ATTN:  DRSMC-LCB-TL, 
OF  ANY  ADDRESS  CHANGES. 


TECHNICAL  REPORT  EXTERNAL  DISTRIBUTION  LIST 


NO.  OF 
COPIES 

ASST  SEC  OF  THE  ARMY 
RESEARCH  &  DEVELOPMENT 

ATTN:  DEP  FOR  SCI  &  TECH  I 

THE  PENTAGON 
WASHINGTON,  D.C.  20315 

COMMANDER 

DEFENSE  TECHNICAL  INFO  CENTER 
ATTN:  DTIC-DDA  12 

CAMERON  STATION 
ALEXANDRIA,  VA  22314 

COMMANDER 

US  ARMY  MAT  DEV  &  READ  COMD 
ATTN:  DRCDE-SG  1 

5001  EISENHOWER  AVE 
ALEXANDRIA,  VA  22333 


COMMANDER 

ARMAMENT  RES  &  DEV  CTR 
US  ARMY  AMCCOM 

ATTN:  DRSMC-LC(D)  1 

DRSMC-LCE(D)  1 

DRSMC-LCM(D)  (BLDG  321)  1 

DRSMC-LCS(D)  1 

DRSMC-LCU(D)  1 

DRSMC-LCW(D)  1 

DRSMC-SCM-0  (PLASTICS  TECH  1 

EVAL  CTR, 

BLDG.  351N) 

DRSMC-TSS(D)  (STINFO)  2 

DOVER,  NJ  07801 


DIRECTOR 

BALLISTICS  RESEARCH  LABORATORY 
ARMAMENT  RESEARCH  &  DEV  CTR 
US  ARMY  AMCCOM  1 

ATTN:  DRSMC-TSB-S  (STINFO) 

ABERDEEN  PROVING  GROUND,  MD  21005 

MATERIEL  SYSTEMS  ANALYSIS  ACTV 

ATTN:  DRSXY-MP  1 

ABERDEEN  PROVING  GROUND,  MD  21005 


NO.  OF 
COPIES 

COMMANDER 
US  ARMY  AMCCOM 

ATTN:  DRSMC-LEP-L(R)  1 

ROCK  ISLAND,  IL  61299 

COMMANDER 

ROCK  ISLAND  ARSENAL 

ATTN:  SMCRI-ENM  (MAT  SCI  DIV)  1 

ROCK  ISLAND,  IL  61299 

DIRECTOR 

US  ARMY  INDUSTRIAL  BASE  ENG  ACTV 
ATTN:  DRXIB-M  1 

ROCK  ISLAND,  IL  61299 

COMMANDER 

US  ARMY  TANK-AUTMV  R&D  COMD  1 

ATTN:  TECH  LIB  -  DRSTA-TSL 

WARREN,  MI  48090 

COMMANDER 

US  ARMY  TANK-AUTMV  COMD  1 

ATTN:  DRSTA-RC 

WARREN,  MI  48090 

COMMANDER 

US  MILITARY  ACADEMY 

ATTN:  CHMN,  MECH  ENGR  DEPT  1 

WEST  POINT,  NY  10996 

US  ARMY  MISSILE  COMD 
REDSTONE  SCIENTIFIC  INFO  CTR  2 

ATTN:  DOCUMENTS  SECT,  BLDG.  4484 

REDSTONE  ARSENAL,  AL  35898 

COMMANDER 

US  ARMY  FGN  SCIENCE  &  TECH  CTR 
ATTN:  DRXST-SD  1 

220  7TH  STREET,  N.E . 

CHARLOTTESVILLE,  VA  22901 


NOTE:  PLEASE  NOTIFY  COMMANDER,  ARMAMENT  RESEARCH  AND  DEVELOPMENT  CENTER, 

US  ARMY  AMCCOM,  ATTN:  BENET  WEAPONS  LABORATORY,  DRSMC-LCB-TL, 
WATERVLIET,  NY  12189,  OF  ANY  ADDRESS  CHANGES. 


TECHNICAL  REPORT  EXTERNAL  DISTRIBUTION  LIST  (CONT'D) 


COMMANDER 

US  ARMY  MATERIALS  &  MECHANICS 
RESEARCH  CENTER 
ATTN:  TECH  LIB  -  DRXMR-PL 

WATERTOWN,  MA  01272 

COMMANDER 

US  ARMY  RESEARCH  OFFICE 
ATTN:  CHIEF,  IPO 

P.O.  BOX  12211 

RESEARCH  TRIANGLE  PARK,  NC  27709 
COMMANDER 

US  ARMY  HARRY  DIAMOND  LAB 
ATTN:  TECH  LIB 
2800  POWDER  MILL  ROAD 
ADELPHIA,  MD  20783 


NO.  OF 
COPIES 

DIRECTOR 

US  NAVAL  RESEARCH  LAB 
2  ATTN:  DIR,  MECH  DIV 

CODE  26-27,  (DOC  LIB) 
WASHINGTON,  D.C.  20375 

COMMANDER 

AIR  FORCE  ARMAMENT  LABORATORY 
1  ATTN:  AFATL/DLJ 

AFATL/DLJG 

EGLIN  AFB,  FL  32542 

METALS  &  CERAMICS  INFO  CTR 
BATTELLE  COLUMBUS  LAB 
1  505  KING  AVENUE 

COLUMBUS,  OH  43201 


COMMANDER 

NAVAL  SURFACE  WEAPONS  CTR 
ATTN:  TECHNICAL  LIBRARY  1 

CODE  X212 

DAHLGREN,  VA  22448 


NOTE:  PLEASE  NOTIFY  COMMANDER,  ARMAMENT  RESEARCH  AND  DEVELOPMENT  CENTER, 

US  ARMY  AMCCOM,  ATTN:  BENET  WEAPONS  LABORATORY,  DRSMC-LCB-TL, 
WATERVLIET,  NY  12189,  OF  ANY  ADDRESS  CHANGES. 


NO.  OF 
COPIES 


1 

1 


1 

1 


1 


